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From data to the spectrum
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Theory support is mandatory to extract reliable physics information
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Hybrid hunting

𝑔

ҧ𝑟

Gluonic quasiparticle
𝐽𝑃𝐶 = 1+−

mass ∼ 1.0−1.5 GeV

Look for a 𝜋1 state with 𝑱𝑷𝑪 = 𝟏−+

decaying into ൞
𝜂 𝜋 and 𝜂′𝜋
𝜌 𝜋 → 3𝜋
𝑏1𝜋 → 5𝜋

J. Dudek

degenerate multiplet,
𝐽𝑃𝐶 = 0, 𝟏, 2 −+, 1−−
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Two hybrid states???

Neither lattice nor models predict two 
1−+ states in this region!
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The flowchart(s)

1) You are given a model/theory

𝑓(𝑠)

3) You compare with data.
Or you don’t.

2) You calculate the amplitude

Predictive power 
Physical interpretation 
(within the model! )
Biased by the input A. Pilloni – Analysis of Light Exotic Hadron measurements
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The flowchart(s)

3) You extract physics

1) You start with data

2) You choose a set of generic amplitudes

Less predictive power 
Some physical interpretation 
Minimally biased 
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𝑆-Matrix principles
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Analyticity

+ Lorentz, discrete & global symmetries

𝑡𝑙 𝑠 = lim
𝜖→0

𝑡𝑙(𝑠 + 𝑖𝜖)

These are constraints the amplitudes have to 
satisfy, but do not fix the dynamics

They can be imposed with an increasing amount 
of rigor, to extract robust physics information

The «background» phenomena can be 
effectively parameterized in a controlled way

Im 𝑡𝑙 = 𝜌𝑙 𝑡𝑙
2
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𝐷(𝑠)

𝑛(𝑠)

𝑎 𝑠 =
𝑛 𝑠

𝐷 𝑠

The 𝐷(𝑠) contains all the Final State Interactions 
constrained by unitarity → universal

Amplitudes for 𝜂(′)𝜋

We build the partial wave amplitudes according to the 𝑁/𝐷 method

Rodas, AP et al. (JPAC), PRL

Jackura, Mikhasenko, AP et al. (JPAC & COMPASS), PLB

The 𝑛 𝑠 → background physics, process-dependent, smooth
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𝜋1 1400 ?

𝜋1 1600 ? 𝑎2 1320

𝑎2 1320

𝑎2
′ 1700

𝑎2
′ 1700

𝐽𝑃𝐶 = 1−+ 𝐽𝑃𝐶 = 2++

(       data)

Fit to 𝜂(′)𝜋



Pole hunting
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𝑎2 1320

𝑎2
′ 1700

𝑎2 1320
𝑎2
′ 1700



Pole hunting
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𝜋1
𝜋1



Statistical Bootstrap
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Two clusters in D-wave: 𝑎2 1320 and 𝑎2
′ 1700

Only one stable cluster in 𝑃-wave: a single 𝜋1

We can identify the poles in the region 𝑚 ∈ 1.2, 2 GeV, Γ ∈ 0, 1 GeV



Final results
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Agreement with theory is restored,
cfr Jo’s talk and 2009.10034

That’s the most rigorous extraction
of an exotic meson available so far!
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A new look to 𝜂𝜋
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High energy
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𝑎2

𝑓2, IP

𝑓2, IP

𝑓2, IP

Three regions analytically connected (FESR)
Need to understand high energy first
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Fit to high energy
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Bibrzycki, et al. (JPAC), in progress

Double Regge Exchange Model Shimada et al., NPB

Couplings of each diagram fitted to sum of partial waves in high energy region
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Fit to high energy

A. Pilloni – Analysis of Light Exotic Hadron measurements

Double Regge Exchange Model Shimada et al., NPB

Couplings of each diagram fitted to sum of partial waves in high energy region

cos 𝜗GJ > 0cos 𝜗GJ < 0

Bibrzycki, et al. (JPAC), in progress
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Conclusions
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Bottom-up approaches are important!

• They allow us to get the most out of high statistics data!

• Dispersive methods can improve the rigour and robustness in the 
extraction of the spectrum

• There is life beyond partial waves! 
High energy + analyticity help constrain the resonance region

Thank you!
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Joint Physics Analysis Center
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• Joint effort between theorists and experimentalists in support of experimental 
data from JLab12 and other accelerator laboratories

• Cooperation between JPAC and experiments: co-authoring papers

https://ceem.indiana.edu/jpac

http://www.indiana.edu/~jpac


BACKUP
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Building Hadrons 

Molecule

TetraquarkHybrids

𝑱/𝝍𝝅
𝝅

𝝅

Hadroquarkonium

GlueballMeson Baryon

Data
Amplitude 

analysis
Properties,

Model building

Interpretations on the spectrum leads to 
understanding fundamental laws of nature

Exp
erim

en
t

Lattice Q
C

D
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Joint Physics Analysis Center
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Esposito, AP, Polosa, Phys.Rept.

HadSpec, PRD

The spectrum of hadron excitations 
is incredibly rich

Several new observations 
beyond the minimal quark content

QCD spectrum
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Unitarity & Pole hunting

I sheet II sheet
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Finding resonances means writing analytic amplitude, 
and hunting for poles in the complex plane

Unitarity creates a branch cut on the real axis,
two sheets continuosly connected



Precise determination
of pole position

Smooth «background»

Recap: single channel  𝜂𝜋
Test against the 𝐷-wave 𝜂𝜋 data, where the 𝑎2
and the 𝑎2

′ show up
A. Jackura, M. Mikhasenko, AP et al. (JPAC & 

COMPASS), PLB779, 464-472



Data

A sharp drop appears at 2 GeV in P-wave
intensity and phase

No convincing physical motivation for it

It affects the position of the 𝑎2
′ (1700)

We decided to fit up to 2 GeV only
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COMPASS, PLB740, 303-311

P-wave
𝜂𝜋 (resc.)

𝜂′𝜋

D-wave



Fit to 𝜂(′)𝜋

27A. Pilloni – Analysis of Light Exotic Hadron measurements

𝜋1 1400 ?

𝜋1 1600 ? 𝑎2 1320

𝑎2 1320

𝑎2
′ 1700

𝑎2
′ 1700

𝐽𝑃𝐶 = 1−+ 𝐽𝑃𝐶 = 2++

(       data)



Statistical Bootstrap
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Statistical Bootstrap
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Two clusters in D-wave: 𝑎2 1320 and 𝑎2
′ 1700

Only one stable cluster in 𝑃-wave: a single 𝜋1

We can identify the poles in the region 𝑚 ∈ 1.2, 2 GeV, Γ ∈ 0, 1 GeV



Correlations
Denominator parameters uncorrelated 
between P- and D-wave 
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K
-m

atrix «
b

kg»
 p

aram
eters

K-matrix «bkg» parameters

Denominator parameters uncorrelated with 
the numerator ones 

Production (numerator) parameters

K
-m

atrix «
p

o
le»

 p
aram

eters



Correlations

Denominator parameters
not very correlated with the
numerator ones 
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Production (numerator) parameters

K
-m

atrix «
b

kg»
 p

aram
eters



Correlations

Denominator parameters 
uncorrelated between P- and
D-wave 
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K
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 p
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eters

K-matrix «bkg» parameters



Bootstrap for 𝑠𝑅 = 1.8 GeV2

33A. Pilloni – Analysis of Light Exotic Hadron measurements

Our skepticism about a second pole in the relevant region is confirmed:
It is unstable and not trustable



Systematic studies
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For each class, the maximum deviation of mass and width is taken as a systematic error
Deviation smaller than the statistical error are neglected
Systematic of different classes are summed in quadrature



Polynomial in the numerator
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The numerator should be 
smooth and have variation 
milder that the typical
resonance width

This happens indeed
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Coupled channel: the model

Two channels, 𝑖, 𝑘 = 𝜂𝜋, 𝜂′𝜋 Two waves, 𝐽 = 𝑃, 𝐷 37 fit parameters

1 K-matrix pole for the P-wave
2 K-matrix poles for the D-wave

Left-hand scale (Blatt-Weisskopf radius) 𝑠𝑅 = 𝑠0 = 1 GeV2

𝛼 = 2, 3rd order polynomial for 𝑛𝑘
𝐽(𝑠)



Systematic studies
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• Change of functional form and parameters in the denominator

• Default: 𝑠𝑅 = 1 GeV2. We try 𝑠𝑅 = 0.8, 1.8 GeV2

• Default: 𝛼 = 2. We try 𝛼 = 1
• We also try a different function:

with 𝛼 = 2, 1.5, 1

• Change of parameters in the numerator

• Default: 𝑡eff = −0.1 GeV2. We try𝑡eff = −0.5 GeV2

• Default: 3rd order polynomial. We try 4th



Systematic studies
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For each class, the maximum deviation of mass and width is taken as a systematic error
Deviation smaller than the statistical error are neglected
Systematic of different classes are summed in quadrature



Systematic studies
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Systematic studies
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Double Regge Exchange Model
Shimada et al., NPB
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Double Regge Exchange Model
Shimada et al., NPB
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Fit to 𝜂𝜋 in bins of energy


